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Àííîòàöèÿ
Â ñòàòüå äàíî ðåøåíèå çàäà÷è R -ëèíåéíîãî ñîïðÿæåíèÿ äëÿ ñëîèñòî-ïàðàëëåëüíîé
(n + 1) -àçíîé ñðåäû â êëàññå êóñî÷íî-ìåðîìîðíûõ óíêöèé ñ çàäàííûìè ãëàâíûìè
÷àñòÿìè. åøåíèå çàïèñàíî ñ ïîìîùüþ ëåâîãî îäíîñòîðîííåãî èíòåãðàëà Ôóðüå ñ èçâåñò-
íûì îðèãèíàëîì. Ïîìèìî ýòîãî ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ
èíòåãðàë Ôóðüå ïðåäñòàâèì â âèäå àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà.
Êëþ÷åâûå ñëîâà: ñëîèñòî-ïàðàëëåëüíàÿ ñðåäà, çàäà÷à R -ëèíåéíîãî ñîïðÿæåíèÿ,
ãåòåðîãåííûå ñòðóêòóðû, òåîðåìà Ìèëí-Òîìñîíà, ìåðîìîðíûå óíêöèè.
Ââåäåíèå
Õîðîøî èçâåñòíî, ÷òî êîìïëåêñíûì ïîòåíöèàëîì ñ åäèíñòâåííûì äèïîëåì íà
áåñêîíå÷íîñòè â ñëó÷àå åäèíè÷íîãî êðóãîâîãî âêëþ÷åíèÿ ñëóæèò, ñ òî÷íîñòüþ
äî ìóëüòèïëèêàòèâíîé êîíñòàíòû, óíêöèÿ Æóêîâñêîãî (òåîðåìà Ìèëí-Òîìñîíà
[1, ñ. 153℄), à â ïðÿìîëèíåéíîé ñëîèñòîé ñðåäå ïîòåíöèàëîì ÿâëÿåòñÿ êóñî÷íî-
ïîñòîÿííàÿ óíêöèÿ. Â ðàáîòå [2℄ ïîñëåäíèé ðåçóëüòàò áûë îáîáùåí íà ñëó÷àé ïðî-
èçâîëüíîãî ìóëüòèïîëÿ â áåñêîíå÷íî óäàëåííîé òî÷êå. Â ðàáîòå [3, ñ. 26℄ òåîðåìà
Ìèëí-Òîìñîíà áûëà îáîáùåíà íà ñëó÷àé, êîãäà êðóãîâûì âêëþ÷åíèåì âîçìóùàåò-
ñÿ çàäàííûé êîìïëåêñíûé ïîòåíöèàë ñ êîíå÷íûì ÷èñëîì ïðîèçâîëüíî ðàñïîëîæåí-
íûõ îñîáûõ òî÷åê. Öåëü íàñòîÿùåé ðàáîòû  îïðåäåëåíèå êîìïëåêñíîãî ïîòåíöèàëà
â ñëîèñòî-ïàðàëëåëüíîé ñðåäå â êëàññå êóñî÷íî-ìåðîìîðíûõ óíêöèé ñ èêñèðî-
âàííûìè ãëàâíûìè ÷àñòÿìè. Ïåðåéäåì ê òî÷íîé îðìóëèðîâêå ðàññìàòðèâàåìîé
çàäà÷è.
1. Ïîñòàíîâêà çàäà÷è
àññìîòðèì ñðåäó, ñîñòîÿùóþ èç äâóõ ïîëóïëîñêîñòåé S1 = {z : Im z > h1} ,
Sn+1 = {z : Im z < hn} è ïîëîñ Sk = {z : hk−1 > Im z > hk} , k = 2, . . . , n , ãäå
n ∈ N , n ≥ 2 è hk ∈ R , h1 > h2 > · · · > hn > 0 (ñì. ðèñ. 1).
Òðåáóåòñÿ ïîñòðîèòü ïëîñêîïàðàëëåëüíîå ñòàöèîíàðíîå ñèëîâîå ïîëå v(x, y) =
= (υx, υy) = vp(x, y) , (x, y) ∈ Sp, p = 1, . . . , n+ 1 , ñîîòâåòñòâóþùèé êîìïëåêñíûé
ïîòåíöèàë êîòîðîãî èìååò èêñèðîâàííóþ ãëàâíóþ ÷àñòü f(z) ñ êîíå÷íûì ìíî-
æåñòâîì îñîáûõ òî÷åê T = T1 ∪ T2 ∪ · · · ∪ Tn+1 , Tp ⊂ Sp . Èñêîìîå ïîëå ÿâëÿåòñÿ
ïîòåíöèàëüíûì è ñîëåíîèäàëüíûì â êàæäîé èçîòðîïíîé àçå Sp âñþäó, çà èñêëþ-
÷åíèåì òî÷åê ìíîæåñòâà Tp :
div vp(x, y) = 0, rot vp(x, y) = 0.
Íà ïðÿìûõ lp = ∂Sp ∩ ∂Sp+1 , ðàçäåëÿþùèõ ðàçíîðîäíûå àçû Sp è Sp+1 ,
ïðåäïîëàãàþòñÿ ðàâíûìè íîðìàëüíûå è êàñàòåëüíûå ñîñòàâëÿþùèå ïðåäåëüíûõ
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èñ. 1. (n− 1) ïîëîñà è äâå ïîëóïëîñêîñòè
çíà÷åíèé âåêòîðîâ vp, vp+1 è ρpvp, ρp+1vp+1 ñîîòâåòñòâåííî:
Im[vp(t)] = Im[vp+1(t)], Re[ρpvp(t)] = Re[ρp+1vp+1(t)], (1)
ãäå ρp  êîýèöèåíò, ïîñòîÿííûé â àçå Sp , õàðàêòåðèçóþùèé èçè÷åñêèå ñâîé-
ñòâà ñðåäû.
Îòñþäà, ó÷èòûâàÿ ýëåìåíòàðíûå ðàâåíñòâà Re z = (z+ z)/2 , Im z = (z− z)/(2i) ,
ïîëó÷èì ñëåäóþùåå ýêâèâàëåíòíîå êðàåâîå óñëîâèå [4, ñ. 53℄:
vp(t) = Apvp+1(t)−Bpvp+1(t), t ∈ lp, p = 1, . . . , n− 1,
vn+1(t) = Anvn(t)−Bnvn(t), t ∈ ln,
(2)
ãäå óíêöèÿ v(z) êîìïëåêñíî ñîïðÿæåíà ñ v(z) , v(z) = vp(z) = vpx(x, y)−ivpy(x, y) ,
z ∈ Sp , p = 1, . . . , n+ 1 .
Êîýèöèåíòû Ap , Bp îïðåäåëÿþòñÿ ïî îðìóëàì
Ap =
{
(ρp + ρp+1)/2ρp, p = 1, . . . , n− 1,
(ρn+1 + ρn)/2ρn+1, p = n,
Bp =
{
(ρp − ρp+1)/2ρp, p = 1, . . . , n− 1,
(ρn+1 − ρn)/2ρn+1, p = n.
Â äàëüíåéøåì áóäåì îáîçíà÷àòü
∆p = Bp/Ap, p = 1, . . . , n.
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2. åøåíèå çàäà÷è (2) â êëàññå êóñî÷íî-ìåðîìîðíûõ óíêöèé
Ìû ïðåäïîëàãàåì, ÷òî çàäàííàÿ ìåðîìîðíàÿ óíêöèÿ F (z) = f ′(z) íå èìååò
îñîáûõ òî÷åê íà ëèíèÿõ lk è èñ÷åçàåò íà áåñêîíå÷íîñòè. Çíà÷èò, F (z)  ðàöèî-
íàëüíàÿ óíêöèÿ, ïðåäñòàâèìàÿ â âèäå
F (z) =
n+1∑
k=1
Fk(z),
ãäå Fp(z)  ñóììà ïðîñòûõ äðîáåé ñ ïîëþñàìè â îáëàñòè Sp .
Êóñî÷íî-ìåðîìîðíîå ðåøåíèå v(z) çàäà÷è (2) ñ çàäàííîé ãëàâíîé ÷àñòüþ F (z)
ìîæíî ïðåäñòàâèòü â ñëåäóþùåé îðìå:
v(z) = vp(z) = Fp(z) + Vp(z), z ∈ Sp, p = 1, . . . , n+ 1, (3)
ãäå Vp(z)  íåèçâåñòíàÿ óíêöèÿ, ãîëîìîðíàÿ â Sp è èñ÷åçàþùàÿ íà áåñêîíå÷-
íîñòè.
Èñïîëüçóÿ ïðåäñòàâëåíèå (3), ïåðåïèøåì êðàåâûå óñëîâèÿ (2) â âèäå ñèñòåìû:

F1(t) + V1(t) = A1[F2(t) + V2(t)]−B1[F2(t) + V2(t)], t ∈ l1,
F2(t) + V2(t) = A2[F3(t) + V3(t)]−B2[F3(t) + V3(t)], t ∈ l2,
· · · · · ·
Fn−1(t) + Vn−1(t) = An−1[Fn(t) + Vn(t)]−Bn−1[Fn(t) + Vn(t)], t ∈ ln−1,
Fn+1(t) + Vn+1(t) = An[Fn(t) + Vn(t)] −Bn[Fn(t) + Vn(t)], t ∈ ln.
(4)
Îáîçíà÷èì ÷åðåç S+k è S
−
k ñîîòâåòñòâåííî âåðõíþþ è íèæíþþ ïîëóïëîñêîñòè,
îãðàíè÷åííûå ïðÿìîé lk, k = 1, . . . , n . Ôóíêöèè Vp(z) , p = 2, . . . , n ïðåäñòàâèì
â âèäå ñóììû èñ÷åçàþùèõ íà áåñêîíå÷íîñòè ñëàãàåìûõ:
Vp(z) = V
+
p (z) + V
−
p (z), (5)
ãäå V +p (z) è V
−
p (z)  óíêöèè, ãîëîìîðíûå â îáëàñòÿõ S
+
p è S
−
p−1 ñîîòâåòñòâåííî.
àññìîòðèì ñîâîêóïíîñòü óíêöèé
Φ1 =
{
−V1(z) +A1[F2(z) + V +2 (z)]−B1V −2 (z1), z ∈ S+1 ,
F1(z)−A1V −2 (z) +B1[F2(z1) + V +2 (z1)], z ∈ S−1 ,
Φ2 =
{
−V +2 (z) +A2[F3(z) + V +3 (z)]−B2V −3 (z2), z ∈ S+2 ,
F2(z) + V
−
2 (z)−A2V −3 (z) +B2[F3(z2) + V +3 (z2)], z ∈ S−2 ,
· · ·
Φn−1=
{
−V +n−1(z)+An−1[Fn(z)+V +n (z)]−Bn−1V −n (zn−1), z∈ S+n−1,
Fn−1(z)+V
−
n−1(z)−An−1V −n (z)+Bn−1[Fn(zn−1)+V +n (zn−1)], z∈ S−n−1,
Φn =
{
Fn+1(z)−AnV +n (z)+BnV −n (zn)+BnFn(zn), z ∈ S+n ,
AnFn(z)−Vn+1(z)+AnV −n (z)−BnV +n (zn), z ∈ S−n ,
(6)
ãäå zk = z + 2ihk  òî÷êà, ñèììåòðè÷íàÿ ñ òî÷êîé z îòíîñèòåëüíî ïðÿìîé lk .
Ôóíêöèè Φk , k = 1, . . . , n , ãîëîìîðíû â ïîëóïëîñêîñòÿõ S
±
k , à â ñèëó óñëî-
âèé (4) îíè íåïðåðûâíû íà ëèíèÿõ ñîïðÿæåíèÿ ýòèõ ïîëóïëîñêîñòåé lk . Ñëåäî-
âàòåëüíî, óíêöèè Φk ãîëîìîðíû âî âñåé êîìïëåêñíîé ïëîñêîñòè è, î÷åâèäíî,
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èñ÷åçàþò íà áåñêîíå÷íîñòè (V ±k (∞) = 0, Fk(∞) = 0). Ïî òåîðåìå Ëèóâèëëÿ âñå îíè
òîæäåñòâåííî ðàâíû íóëþ. Ó÷èòûâàÿ ñêàçàííîå, ñ ïîìîùüþ (6) ñîñòàâèì ñèñòåìó
äëÿ íàõîæäåíèÿ èñêîìûõ óíêöèé:

V1(z) = A1[F2(z) + V
+
2(z)]−B1V −2(z1), z ∈ S+1 ,
V −2(z) = A
−1
1 (F1(z) +B1[F2(z1) + V
+
2(z1)]), z ∈ S−1 ,
V +2 (z) = A2[F3(z) + V
+
3 (z)]−B2V −3 (z2), z ∈ S+2 ,
V −2 (z) = A2V
−
3 (z)− F2(z)−B2[F3(z2) + V +3 (z2)], z ∈ S−2 ,
· · · · · ·
V +k (z) = Ak[Fk+1(z) + V
+
k+1(z)]−BkV −k+1(zk), z ∈ S+k ,
V −k (z) = AkV
−
k+1(z)− Fk(z)−Bk[Fk+1(zk) + V +k+1(zk)], z ∈ S−k ,
· · · · · ·
V +n−1(z) = An−1[Fn(z) + V
+
n (z)]−Bn−1V −n (zn−1), z ∈ S+n−1,
V −n−1(z) = An−1V
−
n(z)−Fn−1(z)−Bn−1[Fn(zn−1)+V +n(zn−1)], z ∈ S−n−1,
V +n(z) = A
−1
n (Fn+1(z) +Bn[Fn(zn) + V
−
n(zn)]), z ∈ S+n ,
Vn+1(z) = An[Fn(z) + V
−
n (z)]−BnV +n (zn), z ∈ S−n .
(7)
Îáîçíà÷èì ÷åðåç Pj îïåðàòîð, îïðåäåëåííûé ïî îðìóëå
PjV (z) =


−∆jV (zj), m = 2l, jm 6= n,
∆jV (zj), m = 2l, jm = n,
∆jV (zj), m = 2l + 1,
(8)
ãäå j  óïîðÿäî÷åííûé ìóëüòèèíäåêñ ðàçìåðíîñòè m : j = {j1, j2, . . . , jm} , 0 < j1 <
< j2 < · · · < jm ≤ n ,
∆j =
m∏
k=1
∆jk ,
zj  îáðàç òî÷êè z ïðè åå ïîñëåäîâàòåëüíûõ ñèììåòðèÿõ îòíîñèòåëüíî ïðÿìûõ lj1 ,
lj2 , . . . , ljm :
zj =


lrz + 2i
m∑
l=1
(−1)lhjl , m = 2k,
z + 2i
m∑
l=1
(−1)l+1hjl , m = 2k + 1.
Íèæå, íàðÿäó ñ îáîçíà÷åíèÿìè Pj , zj , ∆j , áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå:
Pj1 j2 ...jm , zj1 j2 ...jm , ∆j1 j2 ...jm .
àññìîòðèì ñëó÷àé, êîãäà âñå îñîáåííîñòè f(z) ñîñðåäîòî÷åíû â îáëàñòè Sk ,
k < n , òî åñòü F (z) = Fk(z) , à Fi(z) ≡ 0 , i = 1, . . . , n+ 1 , i 6= k . Ïîñëåäîâàòåëüíî
èñêëþ÷èì èç ñèñòåìû (7) óíêöèè V +n (z) , V
−
n−1(z) , V
+
n−1(z), . . . , V
−
2 (z) , V
+
2 (z) ,
íà÷èíàÿ ñ ïðåäïîñëåäíåãî óðàâíåíèÿ. Èìååì
V −n−1(z) = An−1V
−
n (z)−Bn−1∆nV −n (zn−1 n).
V +n−1(z) = An−1∆nV
−
n (zn)−Bn−1V −n (zn−1).
Äàëåå
V −n−2(z) = An−2An−1V
−
n (z)−An−2Bn−1∆nV −n (zn−1 n)−
−Bn−2An−1∆nV −n (zn−2 n) +Bn−2Bn−1V −n (zn−2 n−1),
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V +n−2(z) = An−2An−1∆nV
−
n (zn)−An−2Bn−1V −n (zn−1)−
−Bn−2An−1V −n (zn−2) +Bn−2Bn−1∆nV −n (zn−2 n−1 n).
Â èòîãå äëÿ V −k+1(z) , V
+
k+1(z) ïîëó÷èì ïðåäñòàâëåíèÿ
V −k+1(z) =
n−1∏
i=k+1
Ai
(
V −n (z)−
∑
jl∈{k+1,...,n}
dim(j)=2s
1≤s≤[(n−k)/2]
PjV
−
n (z)
)
,
V +k+1(z) =
n−1∏
i=k+1
Ai
∑
jl∈{k+1,...,n}
dim(j)=2s−1
1≤s≤[(n−k+1)/2]
PjV
−
n (z),
ãäå [r]  öåëàÿ ÷àñòü ÷èñëà r .
Èñêëþ÷àÿ óíêöèè V −k (z) è V
+
k (z) èç (2k − 1)-ãî è 2k -ãî óðàâíåíèé ñèñòåìû
(7), ïîëó÷èì:
V −k−1(z) = Ak−1AkV
−
k+1(z)−Ak−1Fk(z)−Ak−1BkV +k+1(zk)−
−Bk−1Fk(zk−1)−Bk−1AkV +k+1(zk−1) +Bk−1BkV −k+1(zk−1 k),
V +k−1(z) = Ak−1Fk(z) +Ak−1AkV
+
k+1(z)−Ak−1BkV −k+1(zk)−
−Bk−1AkV −k+1(zk−1) +Bk−1Fk(zk−1) +Bk−1BkV +k+1(zk−1 k).
Íà ñëåäóþùåì øàãå íàéäåì
V −k−2(z) = Ak−2Ak−1AkV
−
k+1(z)−Ak−2Ak−1Fk(z)−
−Ak−2Ak−1BkV +k+1(zk)−Ak−2Bk−1Fk(zk−1)−Ak−2Bk−1AkV +k+1(zk−1)+
+Ak−2Bk−1BkV
−
k+1(zk−1 k)−−Bk−2Ak−1Fk(zk−2)−Bk−2Ak−1AkV +k+1(zk−2)+
+Bk−2Ak−1BkV
−
k+1(zk−2 k) +Bk−2Bk−1AkV
−
k+1(zk−2 k−1)−
−Bk−2Bk−1Fk(zk−2 k−1)−Bk−2Bk−1BkV +k+1(zk−2 k−1 k),
V +k−2(z) = Ak−2Ak−1Fk(z) +Ak−2Ak−1AkV
+
k+1(z)−
−Ak−2Ak−1BkV −k+1(zk)−Ak−2Bk−1AkV −k+1(zk−1) +Ak−2Bk−1Fk(zk−1)+
+Ak−2Bk−1BkV
+
k+1(zk−1 k)−Bk−2Ak−1AkV −k+1(zk−2) +Bk−2Ak−1Fk(zk−2)−
−Ak−1BkV +k+1(zk−2 k) +Bk−2Bk−1Fk(zk−2 k−1) +Bk−2Bk−1AkV +k+1(zk−2 k−1)−
−Bk−2Bk−1BkV −k+1(zk−2 k−1 k).
Ïðîäîëæàÿ ïîñëåäîâàòåëüíî ïðîöåññ èñêëþ÷åíèÿ, äîéäåì äî âòîðîãî óðàâíåíèÿ
ñèñòåìû (7) è ïîëó÷èì óíêöèîíàëüíîå óðàâíåíèå îòíîñèòåëüíî V −n (z)
V −n (z) = PV
−
n (z) + F0(z), (9)
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ãäå P =
2n−1−1∑
k=1
Pjk , jk  ìóëüòèèíäåêñû ÷åòíûõ ðàçìåðíîñòåé,
F0(z) =
∑
∀j:jl∈{1,...,k−1}
dim(j)<k
PjFk(z)
n−1∏
i=k
Ai
.
Â îáùåì ñëó÷àå, êîãäà
F (z) =
n+1∑
k=1
Fk(z),
ïîëó÷èì óíêöèîíàëüíîå óðàâíåíèå (9), ãäå äëÿ F0(z) ñïðàâåäëèâî ïðåäñòàâëåíèå:
F0(z) =
n−1∑
k=1
∑
∀j:jl∈{1,...,k−1}
dim(j)<k
PjFk(z)
n−1∏
i=k
Ai
+
∑
jl∈{1,...,n}, j2s=n
dim(j)=2s
1≤s≤[n/2]
PjFn(z) +
+
∑
jl∈{1,...,n−1}
dim(j)=2s−1
1≤s≤[n/2]
PjFn(z) +A
−1
n
∑
jl∈{1,...,n−1}
dim(j)=2s−1
1≤s≤[n/2]
PjFn+1(z).
Â óíêöèîíàëüíîì óðàâíåíèè (9) âñå óíêöèè ãîëîìîðíû â ïîëóïëîñêîñòè
S−n−1 . Îñóùåñòâèâ çàìåíó z íà z+ ihn−1 , ïîëó÷èì óðàâíåíèå, ãäå âñå óíêöèè ãî-
ëîìîðíû íèæå äåéñòâèòåëüíîé îñè, ïîýòîìó èõ ìîæíî ïðåäñòàâèòü â âèäå ëåâîãî
îäíîñòîðîííåãî èíòåãðàëà Ôóðüå [5, ñ. 24℄ ñ îðèãèíàëîì v−n (t) ,
V −n (z + ihn−1) = −
1√
2pi
0∫
−∞
v−n (t)e
izt dt.
Çàïèøåì ïðåäñòàâëåíèå äëÿ èñêîìîé óíêöèè
V −n (z) = −
1√
2pi
0∫
−∞
v−n (t)e
i(z−ihn−1)t dt. (10)
Îòñþäà, òàê êàê îïåðàòîð P ëèíååí, ïîëó÷èì
PV −n (z) = −
1√
2pi
0∫
−∞
v−n (t)Pe
i(z−ihn−1)t dt.
Ïóñòü
F0(z) = − 1√
2pi
0∫
−∞
f∗0 (t)e
i(z−ihn−1)t dt,
ãäå f∗0 (t) = f0(t)e
−hn−1t
, f0(t)  îðèãèíàë èçâåñòíîé ðàöèîíàëüíîé óíêöèè F0(z) .
Ñ ïîìîùüþ ïîëó÷åííûõ ïðåäñòàâëåíèé ïåðåïèøåì óíêöèîíàëüíîå óðàâíåíèå
(9) â âèäå
0∫
−∞
v−n (t)e
i(z−ihn−1)t dt−
0∫
−∞
v−n (t)Pe
i(z−ihn−1)t dt =
0∫
−∞
f∗0 (t)e
i(z−ihn−1)t dt.
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Íàéäÿ èç ýòîãî ðàâåíñòâà îðèãèíàë v−n (t) è ïîäñòàâèâ åãî â ïðåäñòàâëåíèå (10) äëÿ
V −n (z) , ïîëó÷èì
V −n (z) = −
1√
2pi
0∫
−∞
f0(t)e
izt dt
1− e−izt(Peizt) . (11)
Çäåñü ïîä e−izt(Peizt) ïîäðàçóìåâàåòñÿ ñóììà
e−izt(Peizt) =
2n−1−1∑
k=1
∆jke
it(zjk−z).
Îòìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ
|e−izt(Peizt)| < 1, t < 0, (12)
óíêöèþ (1−e−izt(Peizt))−1 ìîæíî ðàçëîæèòü â àáñîëþòíî ñõîäÿùèéñÿ ðÿä ïî ñòå-
ïåíÿì e−izt(Peizt) è ïîëó÷èòü ðåøåíèå (11) â çàìêíóòîé îðìå â âèäå ñõîäÿùåãîñÿ
ðÿäà:
V −n (z) =
∞∑
k=0
PkF0(z).
Îäíàêî â îáùåì ñëó÷àå ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, îáåñïå÷è-
âàþùèå âûïîëíåíèå óñëîâèÿ (12), íå ïðåäñòàâëÿåòñÿ âîçìîæíûì.
àññìîòðèì íåêîòîðûå ÷àñòíûå ñëó÷àè. Â ñëó÷àå îäíîé ïîëîñû (n = 2) ñèñ-
òåìà (7) ïðèìåò âèä:

V1(z) = A1[F2(z) + V
+
2(z)]− B1V −2(z1), z ∈ S+1 ,
V −2(z) = A
−1
1 (F1(z) + B1[F2(z1) + V
+
2(z1)]), z ∈ S−1 ,
V +2(z) = A
−1
2 (F3(z) +B2[F2(z2) + V
−
2(z2)]), z ∈ S+2 ,
V3(z) = A2[F2(z) + V
−
2(z)]−B2V +2(z2), z ∈ S−2 .
(13)
Ôóíêöèîíàëüíîå óðàâíåíèå (9) â ýòîì ñëó÷àå âûãëÿäèò íàèáîëåå ïðîñòî:
V −2 (z) = P12V
−
2 (z) + F0(z), (14)
ãäå
F0(z) =
F1(z)
A1
+∆1F2(z1) + ∆12F2(z + 2i(h2 − h1)) + ∆1F3(z1)
A2
.
ßñíî, ÷òî óíêöèÿ F0(z) ãîëîìîðíà â îáëàñòè S
−
1 .
Íà îñíîâàíèè (11) ñ ïîìîùüþ ëåâîãî îäíîñòîðîííåãî èíòåãðàëà Ôóðüå ïîëó÷èì
èñêîìîå ïðåäñòàâëåíèå:
V −2 (z) = −
1√
2pi
0∫
−∞
f0(t)e
izt dt
1−∆12e2t(h1−h2) . (15)
Ïðèìåðû îðèãèíàëîâ f0(t) îò ïðîñòåéøèõ ðàöèîíàëüíûõ óíêöèé õîðîøî èçâåñò-
íû [5, ñ. 2627℄. Íàïðèìåð, åñëè
F0(z) =
Q(z)
l∏
j=1
(z − aj)kj
, Im aj > 0,
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òî
f0(t) =
l∑
j=1
qj(t)e
−iajt,
ãäå qj(t)  ìíîãî÷ëåíû ñòåïåíåé kj − 1 .
Äëÿ îðèãèíàëà f0(t) , íå óìåíüøàÿ îáùíîñòè, äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé
åäèíñòâåííîé îñîáîé òî÷êè l = 1 , òîãäà
f0(t) =
(−i)k1√2pi
(k1 − 1)! t
k1−1e−iat.
Òàê êàê |∆12| < 1 è ðàçíîñòü h1 − h2 ïîëîæèòåëüíà, òî |∆12e2t(h1−h2)| < 1 äëÿ
t < 0 . Òàêèì îáðàçîì, âåëè÷èíà (1−∆12e2t(h1−h2))−1 åñòü ñóììà áåñêîíå÷íî óáû-
âàþùåé ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì ∆12e
2t(h1−h2)
. Ïðåäñòàâëå-
íèå (15) ïðèìåò âèä
V −2 (z) = −
(−i)k1
(k1 − 1)!
∞∑
k=0
∆k12
0∫
−∞
tk1−1et(i(z−a)+2k(h1−h2)) dt =
=
∞∑
k=0
(−1)k1+1∆k12
((z − a)− 2ki(h1 − h2))k1 . (16)
Â îáùåì ñëó÷àå ïðîèçâîëüíîãî îðèãèíàëà f0(z) ðåøåíèåì áóäåò ðÿä
V −2 (z) =
∞∑
k=0
P k12F0(z). (17)
Ê ðåøåíèþ (17) ìîæíî ïðèéòè äðóãèì ñïîñîáîì, à èìåííî: ïðèìåíÿÿ ê îáåèì
÷àñòÿì ðàâåíñòâà (14) îïåðàòîð P12 , ïîëó÷èì P12V
−
2 (z) = P
2
12V
−
2 (z) + P12F0(z) .
Çàìåíèì â óðàâíåíèè (14) ñëàãàåìîå P12V
−
2 (z) íà íàéäåííîå âûðàæåíèå:
V −2 (z) = P
2
12V
−
2 (z) + P12F0(z) + F0(z). (18)
Òåïåðü ê (14) ïðèìåíèì îïåðàòîð P 212 è â (18) çàìåíèì ñîîòâåòñòâóþùåå ñëàãàåìîå,
òîãäà
V −2 (z) = P
3
12V
−
2 (z) + P
2
12F0(z) + P12F0(z) + F0(z).
Ïðîäîëæàÿ ýòîò ïðîöåññ, íà j -ì øàãå ïîëó÷èì
V −2 (z) = P
j+1
12 V
−
2 (z) +
j∑
k=0
P k12F0(z).
Óñòðåìëÿÿ j ê áåñêîíå÷íîñòè, â ñèëó îãðàíè÷åííîñòè óíêöèè V −2 (z) è òîãî, ÷òî
|∆12|j → 0 , ïðèõîäèì ê ðåøåíèþ (17).
Äàëåå, èç ñèñòåìû (13) ñ ïîìîùüþ (17) ïîñëåäîâàòåëüíî îïðåäåëÿþòñÿ V +2 (z) ,
V1(z) , V3(z) . Ïîäñòàâèâ íàéäåííûå óíêöèè â ïðåäñòàâëåíèå (3), ïîëó÷èì èñêîìîå
ðåøåíèå:
v1(z) = F1(z) +A1F2(z)−B1
∞∑
k=0
P k12F0(z1) +
+
A1
A2
(
F3(z) +B2
[
F2(z2) +
∞∑
k=0
P k12F0(z2)
])
,
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v2(z) = F2(z) +
∞∑
k=0
P k12F0(z) +
1
A2
(
F3(z) +B2
[
F2(z2) +
∞∑
k=0
P k12F0(z2)
])
,
v3(z) = F3(z)−∆2F3(z2) + (A2 −B2∆2)
[
F2(z) +
∞∑
k=0
P k12F0(z)
]
.
àññìîòðèì ñëó÷àé äâóõ ïîëîñ (n = 3) . Çàïèøåì ñèñòåìó (7) äëÿ äàííîãî ñëó-
÷àÿ: 

V1(z) = A1[F2(z) + V
+
2(z)]−B1V −2(z1), z ∈ S+1 ,
V −2(z) = A
−1
1 (F1(z) +B1[F2(z1) + V
+
2(z1)]), z ∈ S−1 ,
V +2(z) = A2[F3(z) + V
+
3 (z)]−B2V −3 (z2), z ∈ S+2 ,
V −2 (z) = A2V
−
3 (z)− F2(z)−B2[F3(z2) + V +3 (z2)], z ∈ S−2 ,
V +3(z) = A
−1
3 (F4(z) +B3[F3(z3) + V
−
3(z3)]), z ∈ S+3 ,
V4(z) = A3[F3(z) + V
−
3 (z)]−B3V +3 (z3), z ∈ S−3 .
(19)
Óðàâíåíèå (9) ïðèìåò âèä
V −3 (z) = (P13 + P12 + P23)V
−
3 (z) + F0(z), (20)
ãäå
F0(z) =
F1(z)
A1A2
+
F2(z)
A2
+
∆1F2(z1)
A2
+∆1F3(z1) + ∆2F3(z2) +
+ ∆23F3(z23) + ∆13F3(z13) +
∆1F4(z1)
A3
+
∆2
A3
F4(z2). (21)
åøåíèå (11) âûãëÿäèò ñëåäóþùèì îáðàçîì:
V −3 (z)=−
1√
2pi
0∫
−∞
f0(t)e
izt dt
1−∆13e2t(h1−h3)+∆12e2t(h1−h2)−∆23e2t(h2−h3) . (22)
Åñëè |∆13e2t(h1−h3)−∆12e2t(h1−h2)+∆23e2t(h2−h3)| < 1 , òî ðåøåíèå ïîëó÷àåì â âèäå
àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà
V −3 (z) =
∞∑
k=0
PkF0(z), (23)
ãäå P = P13 + P12 + P23 .
àññìîòðèì ñëó÷àé ïîëîñ ðàâíîé øèðèíû, òîãäà h1 − h2 = h2 − h3 = h è (22)
ìîæíî óïðîñòèòü:
V −3 (z) = −
1√
2pi
0∫
−∞
f0(t)e
izt dt
1−∆13e4th + (∆12 −∆23)e2th . (24)
Çíàìåíàòåëü ïîäûíòåãðàëüíîãî âûðàæåíèÿ â (24) åñòü êâàäðàòíûé ïîëèíîì îòíî-
ñèòåëüíî e2th , åãî êîðíÿìè ÿâëÿþòñÿ
t1,2 =
∆12 −∆23 ±
√
(∆12 −∆23)2 + 4∆13
2∆13
.
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Ïîêàæåì, ÷òî îáà ýòè êîðíÿ ïî ìîäóëþ íå ìåíüøå åäèíèöû, ÷òî îáåñïå÷èò âûïîëíå-
íèå óñëîâèÿ (12). Äåéñòâèòåëüíî, åñëè äèñêðèìèíàíò îòðèöàòåëüíûé, òî t1 = t2 , à
ïî îðìóëàì Âèåòà |t1t2| = |1/∆13| > 1 . Â ñëó÷àå ïîëîæèòåëüíîãî äèñêðèìèíàíòà
ðàññìîòðèì óíêöèè
f±(x, y, z) =
xy − yz ±
√
(xy − yz)2 + 4xz
2xz
,
ãäå x = ∆1 , y = ∆2 , z = ∆3 . Ñ ïîìîùüþ ïðîöåäóðû NMinimize â ïàêåòå
Mathematia ïîëó÷àåì, ÷òî â êóáå |x| ≤ 1 , |y| ≤ 1 , |z| ≤ 1 ñïðàâåäëèâà îöåíêà
|f±(x, y, z)| ≥ 1 .
Ïîäûíòåãðàëüíîå âûðàæåíèå â (24) ïðåäñòàâèì â âèäå ñóììû è ðàçîáüåì èíòå-
ãðàë íà äâà:
V −3 (z)=−
∆−113
(t2 − t1)
√
2pi

 1
t1
0∫
−∞
f0(t)e
izt dt
(1 − e2th/t1) −
1
t2
0∫
−∞
f0(t)e
izt dt
(1− e2th/t2)

 . (25)
Òàê êàê |t1| è |t2| íå ìåíüøå åäèíèöû è h > 0 , à t < 0 , (1 − e2th/t1)−1 , (1 −
− e2th/t2)−1  ñóììû ãåîìåòðè÷åñêèõ ïðîãðåññèé. Â ñèëó àáñîëþòíîé ñõîäèìîñòè
ýòèõ ïðîãðåññèé ìåíÿåì ïîðÿäîê ñóììèðîâàíèÿ è èíòåãðèðîâàíèÿ:
V −3 (z) =
∆−113
(t1 − t2)
√
2pi
∞∑
k=0
((
1
tk+11
− 1
tk+12
) 0∫
−∞
f0(t)e
2tkh+izt dt
)
. (26)
Â ñëó÷àå åäèíñòâåííîé îñîáîé òî÷êè ïåðâîãî ïîðÿäêà ó F (z) â òî÷êå z = a îðèãè-
íàë èìååò âèä f0(t) = i
√
2pie−iat . Â ýòîì ñëó÷àå ïîëó÷èì ðåøåíèå
V −3 (z) =
∆−113
(t1 − t2)
∞∑
k=0
((
1
tk+11
− 1
tk+12
)
1
(z − a)− 2ikh
)
.
Äàëåå, èç ñèñòåìû (19) ïîñëåäîâàòåëüíî íàõîäÿòñÿ V +3 (z) , V
−
2 (z) , V
+
2 (z) , V1(z) ,
V4(z) , ïîäñòàâëÿÿ èõ â ïðåäñòàâëåíèå (3), ïîëó÷èì èñêîìîå ðåøåíèå.
3. Ïðèìåðû
1. àññìîòðèì ñëó÷àé îäíîé ïîëîñû. Ïóñòü f(z) = −1/(z−2.5i) , h1 = 4 , h2 = 1 ,
óíêöèÿ F0(z) èìååò âèä:
F0(z) =
∆1
(z − 5.5i)2 +
∆12
(z − 8.5i)2 .
Ïðèìåðû ïîëåé äëÿ äèïîëÿ â òî÷êå 2.5i ïðåäñòàâëåíû íà ðèñ. 2.
2. àññìîòðèì ñëó÷àé äâóõ ïîëîñ. Ïóñòü f(z) = 2 ln(z − 5i) , h1 = 6 , h2 = 3.5 ,
h3 = 2 , òîãäà F1(z) = 0 , F2(z) = 2/(z − 5i) , F3(z) = 0 , F4(z) = 0 . Èñïîëüçóÿ (21)
íàéäåì:
F0(z) =
2
A2(z − 5i) +
2∆1
A2(z − 7i) .
Îðèãèíàëîì äëÿ F0(z) ñëóæèò óíêöèÿ
f0(t) =
−2i√2pi
A2
(e5t +∆1e
7t).
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èñ. 2. Äèïîëü èíòåíñèâíîñòè Γ = 2pi : ñëåâà äëÿ ρ1 = 1, ρ2 = 0.2, ρ3 = 5 è ñïðàâà äëÿ
ρ1 = 1, ρ2 = 20, ρ3 = 0.5
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èñ. 3. Èñòî÷íèê èíòåíñèâíîñòè Γ = 4pi : ñëåâà äëÿ ρ1 = 1, ρ2 = 20, ρ3 = 50, ρ4 = 0.5 è
ñïðàâà äëÿ ρ1 = 1, ρ2 = 20, ρ3 = 0.5, ρ4 = 50
Íà îñíîâàíèè (22) çàïèøåì ðåøåíèå
V −3 (z) =
2i
A12
0∫
−∞
(
eit(z−5i) +∆1e
it(z−7i)
)
dt
1−∆1∆3e8t +∆1∆2e5t −∆2∆3e3t .
Ïðèìåðû ïîëåé äëÿ èñòî÷íèêà â òî÷êå 5i ïðåäñòàâëåíû íà ðèñ. 3.
3. Ïóñòü f(z) = (2+2i) ln(z+2−7i)− (1− i) ln(z−2− i) , h1 = 6 , h2 = 4 , h3 = 2 ,
òîãäà F1(z) = (2−2i)/(z+2−7i) , F2(z) = 0 , F3(z) = 0 , F4(z) = (−1+ i)/(z−2− i) .
Ñîîòíîøåíèå (21) èìååò âèä
F0(z) =
2− 2i
A1A2(z + 2− 7i) −
∆1(1 + i)
A3(z − 2− 11i) −
∆2(1 + i)
A3(z − 2− 7i) .
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èñ. 4. Âèõðåèñòî÷íèê ìîùíîñòè Γ = 4pi èíòåíñèâíîñòè Q = −4pi è âèõðåñòîê ìîùíîñòè
Γ = −2pi èíòåíñèâíîñòè Q = −2pi : ñëåâà äëÿ ρ1 = 1 , ρ2 = 20 , ρ3 = 0.5 , ρ4 = 5 è ñïðàâà
äëÿ ρ1 = 1 , ρ2 = 0.2 , ρ3 = 5 , ρ4 = 0, 5
Íà îñíîâàíèè (24) íàéäåì
V −3 (z) = −
2− 2i
A1A2
√
2pi
0∫
−∞
eit(z−2+7i) dt
1−∆13e8t + (∆12 −∆23)e4t+
+
i + 1
A3
√
2pi
0∫
−∞
∆1e
it(z−2−11i) +∆2e
it(z−2−7i) dt
1−∆13e8t + (∆12 −∆23)e4t .
Âû÷èñëèì èíòåãðàë â âûðàæåíèè (26) äëÿ äàííîãî îðèãèíàëà.
V −3 (z)=
∆−113
(t1 − t2)
√
2pi
∞∑
k=0
(
1
tk+11
− 1
tk+12
)( −2− 2i
A1A2(z − 2 + 7i− 4ki)−
− ∆1(1− i)
A3(z − 4ki + 2 + 11i) −
∆2(1− i)
A3(z − 4ki + 2 + 7i)
)
Ïðèìåðû ïîëåé äëÿ âèõðåèñòî÷íèêà â òî÷êå −2+ 7i è âèõðåñòîêà â òî÷êå 2+ i
ïðåäñòàâëåíû íà ðèñ. 4.
Çàêëþ÷åíèå
Â ðàáîòå ïîëó÷åíî ðåøåíèå çàäà÷è î âîçìóùåíèè çàäàííîãî êîìïëåêñíîãî ïî-
òåíöèàëà â áåñêîíå÷íîé ïëîñêîé ñðåäå ñ ïðîèçâîëüíûì ÷èñëîì ðàçíîðîäíûõ ïàðàë-
ëåëüíûõ ïîëîñ. Äëÿ ñëó÷àåâ îäíîé è äâóõ ïîëîñ ñ ïîìîùüþ ïàêåòà Mathematia
ïîñòðîåíû ëèíèè òîêà è ýêâèïîòåíöèàëè ñîîòâåòñòâóþùèõ âîçìóùåííûõ ïîëåé.
Ê ñîæàëåíèþ, äëÿ áîëüøåãî ÷èñëà ïîëîñ ïîñòðîåíèå âîçìóùåííûõ ïîëåé çàòðóä-
íåíî, òàê êàê êðàòíîñòè ðÿäîâ, âõîäÿùèõ â ïîëó÷åííîå ðåøåíèå, ñ óâåëè÷åíèåì
÷èñëà ïîëîñ áûñòðî ðàñòóò è âîçìîæíîñòè ñîâðåìåííûõ ÝÂÌ íå ìîãóò îáåñïå÷èòü
ïîëó÷åíèå òðåáóåìîãî ðåçóëüòàòà â ðàçóìíîå âðåìÿ.
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå 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Summary
A.Yu. Kazarin. Solution of a R -Linear Conjugation Problem for a Parallel-Layered Medium
in the Class of Pieewise Meromorphi Funtions.
The problem of R -linear onjugation for parallel-layered (n+ 1) -phase media is solved in
the lass of pieewise meromorphi funtions with given prinipal parts. The solution is written
as a left-sided Fourier integral with a known original. In addition, some suient onditions
under whih the Fourier integral an be represented as an absolutely onvergent series are
obtained.
Key words: parallel-layered media, R -linear onjugation problem, heterogeneous
strutures, Milne-Thomson theorem, pieewise meromorphi funtions.
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